POST’S LATTICE

ANNE FEARNLEY

ABSTRACT. A drawing of the lattice of clones on 2 elements using Post’s no-
tation. A description of the clones and several other useful information about
clones on 2 elements.

1. INTRODUCTION

The purpose of this paper is not to prove Post’s classification of Boolean clones
[1]. Tt is rather an exposition of his results along with many of the results about
clones on 2 elements contained in Agnes Szendrei’s Clones in Universal Algebra [3]
and some things I found myself. The results in this paper are the ones I have found
useful in my own research.

The article is made up of the drawing of the lattice (mostly taken from [3]), a
description of the clones including generators and some relations, a table to aid in
finding which clone you are dealing with, and the monoidal intervals in the lattice
of clones on 2 elements. I have included the original Latex document as well as
the more usual PDF so that mathematicians may use parts of the drawing of the
lattice in their own papers.

2. DEFINITIONS

Let A be a finite set and n a positive integer. An n-ary operation on A is a
function f : A™ — A. The set of all n-ary operations on A is denoted by (954"),

and Oy := U0<n<w (91(4"). For 1 < i < n, the n-ary i-th projection is defined as
(n)

e; (z1,...,xn) = z; for all z1,...,x,. We write e for the identity operation. For
a € A, the n-ary constant operation a is defined as ct(ln)(xl,...,xn) = q for all
T1,...,Tn. We write simply ¢, for the unary constant operations cfll).

For f € O™ and g1,..., g, € O we define their composition to be the m-ary
operation f[g1,...,gn] defined by

flor, - gn)(@1, oy xm) = flor(x1, s Zm)y oo gn(Z1, o Zm))

A clone on A is a subset F' of O4 which contains all projections and is closed under
composition. It is well known and easy to prove that the intersection of an arbitrary
set of clones on A is a clone on A. Thus for F' C Oy, there exists the least clone
containing F', called the clone generated by F and denoted by (F'). The clones on
A, ordered by inclusion, form a complete lattice, £ 4.
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Let h be a positive integer. An h-ary relation p is a subset of A". Let f €
O™ and let p be an h-ary relation on A. The operation f preserves p if for all
((Ll’i,ag’i, ceey ah,i) ep (Z = ]., . ,n),

(flar,1,a1,2,--.a1m), flaz1,a2,2,...,02,), ..., f(an1,0n2,-..,anp)) € p

The set of operations on A preserving p is a clone denoted by Pol p.

Consider a transformation monoid M of unary operations on A; i.e. M contains
the identity self-map e and is closed under the usual composition. Denote by Int(M)
the set of clones C' on A such that the unary operations of C' are exacty M. It
is well known that Int(M) is an interval in the lattice of clones on A, called the
monoidal interval of M.

3. THE LATTICE OF CLONES ON 2 ELEMENTS

From now on, we will assume that A has two elements. It is most usual to con-
sider A = {0, 1}, but Post prefered to consider the set {4, —} where + corresponds
to true (or is a member of the class) and — to false (or is not a member of the
class). Throughout, I will consider clones on {0, 1}.

The lattice of clones on 2 elements can be found in Figure 1. It is drawn in
the usual way; if a clone A is linked to a clone B by a line and A is lower than
B on the page, then A C B. There are dotted lines to show inclusion for each of

the 8 countably infinite families of clones F* for ¢ = 1,...,8. Note that for each
ie{l,....8}, F =N, F' =", F"

The clones are written using Post’s notation. You may notice that there seem
to be some symbols missing, for example S7. This is because Post was dealing with
sets of operations closed under composition but not necessarily containing all the
projections. Since I am only interested in clones, I have left the others out of the
diagram. In this and in the placement of the clones on the page, I am following [3].

3.1. Closed sets which are not clones.

e O1 = {e}

e Oy ={c1}

[ ] 03 = {Co}

e Oy = {6, _‘}

e O5 ={e,c1}

e O ={e,co}

e O7 = {co,c1}

e Os ={e,co,c1}

[ ] 09 = {6,60,61, _\}

Ry ={c{"” | n e N}

Ry ={c" |neN}

e Ry ={e}u{c\"” |neN}

o R7:{6}U{cé") | n € N}

o Ry = {cé"),cgn) | n € N}

e Rig={e}u{c{”, " |neN}

e Ris={e,~}U {cén),cgn) | n € N}

e Sy ={e}u{v™ |neN}

where V(") is the n-ary V defined by V(™ (ay,...,a,) = a1 V...V ay.
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e S3={e}U {cgn), v | n e N}
o P ={e} U{AM™ | n e N} where A" is defined like V("
o Py={c}u{c™,A™ | neN}

4. DESCRIPTION OF THE CLONES

In the description tables (Figures 1, 2, 3, 4, 5), each clone is identified using
Post’s notation. For each of the infinite families, F* for i = 1,...,8, I write F?
seperately because it is a special case, and F* will be understood to begin at n = 3.

In a lattice L, a € L is join-irreducible if and only if a = bV ¢ implies that a = b
or a = ¢, and meet-irredicible is defined dually. Any clone can be written as a join of
join-irreducible clones or as a meet of meet-irreducible clones. The join-irreducible
c}ones will be indicated by a check, C, and the meet-irredicible clones by a carat,
C.

A clone is often described as the clone generated by certain operations (the
‘Generators’ column). These generators are either taken directly from [1], or can
be easily infered from it. Here is a list of the operations used in the tables.

(1) The constants, cg, ¢ and the identity e,

(2) The standard logical operators: V,A,—,«, and operations derived from
them written as logical sentences,

(3) Binary and ternary additions mod 2, + and 4+,

(4) The majority operation, maj, defined by maj(z,y,z) =i if xt =y =i or
r=z=10ry=2z=41,

(5) The n-ary operations h, and H,, for all n = 2,3,..., which are defined as
hn(x1, ..., Znte1) = 0if and only if Z?Ill x; <1 and Hy(x1,...,%pe1) =1
if and only if >.7" #; > n (note that hy = Hy = may).

The ‘Relation’ associated to a clone C' is a relation p such that Polp = C. There
can be many possible relations that have that property; I have usually chosen one
with the smallest arity, and after that, the smallest cardinality. The relations are
usually written as a set of vertical tuples. In some cases, the relation is the graph
of some operation f, and is written as fU. If the relation is not from me, the source
is indicated.

The ‘Monoid’ for a clone is the monoid of unary operations in that clone. It will
be discussed in greater detail in Section 5.

The maximal clones (i.e. those that are included in only the largest clone, C1)
are Co, C3, A1, L1 and D3. The minimal clones (i.e. those that include only the
smallest clone, Ry) are Ry, Rg, Rs, Sa, Ps, L4, Do.

5. MONOIDAL INTERVALS

Post named the unary operations on 2 elements using greek letters with subsript 1
to denote that the operations are unary. They are a; = e, f1 = ¢1, 71 = ¢g, 01 = —.
He notes that for any operation f: A™ — A (Post says membership function), one
may associate a unary operation d : A — A defined by d(a) = f(a,...,a) for all
a € A. Post calls this the associated first order function and calls f an «, (3, v or
d-function depending on if its associated first order function is aq, £1, 71 or 7.

In a similar way, for any set of operations closed under composition, one can
define the associated first order system defined by its associated first order functions.
There are 9 possible first order systems, of which 6 contains at least one a-function
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(corresponding to e). Each closed set of operation must correspond to one of the 9
first order systems. Post uses this fact throughout [1] to organize his classification.

Similarly, each clone must correspond to one of the 6 first order systems con-
taining . This is the same as considering the monoid M of unary operations in
a clone C. As we saw in the definitions in Section 2, we then say that C' is in the
monoidal interval of M. The monoidal intervals partition the whole lattice.

There are 6 monoidal intervals in the lattice of clones on 2 elements. Three are
finite and three are infinite.

5.1. Monoidal interval Int({e, cg, ¢1,—}) or the [«, 3,7, d]-systems.
Ch

1

13

5.2. Monoidal interval Int({e, co,c1}) or the [«, 3,7]-systems.
1

11

5.3. Monoidal interval Int({e, cp}) or the [«,]-systems.

5.4. Monoidal interval Int({e, c;}) or the [«, §]-systems
It is exactly the dual of the interval Int({e, co}).

5.5. Monoidal interval Int({e, =}) or the [«, d]-systems
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4

5.6. Monoidal interval Int({e}) or the [a]-systems.
Cy

6. INCLUSION-EXCLUSION TABLES

All the clones except for the ones of the form F}* can be distinguished from each
other using only the operations ¢y, ¢1, =, A, V, majority and ternary addition.
Table 6 is the inclusion-exclusion diagram describing which clones contain which
of the above operations except —. Those clones containing — are underlined. For
example ¢, ¢1,—,+3) € Ly and V, A, maj ¢ L.
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] | Generators | Relation | Monoid \
Cy | (V, A=) 0 {e,co,c1,}
Cy | (A=) {1} [3] fe,a}

Cs | (V,+) {0} 3] fe,co}
Ca [ (VA +®) T{(O)} {e}
Ay | (V. A eo,e1) | < [Zg] I {e,co,c1}
A teme) ) ()] [tec
£ EEEENNE (131

o\ /0N /0
afen () ()]0

C

and A clones

’ \ Generators \ Relation \ Monoid

b e [ [T 0

D [ med) | {(2) (1) (5)} ()

Dy | (maj, =) |-~ [3] {e,}

Ly | (+,-) +)" 3] {e, co, c1, 7}
Lo <‘_)> =H {6,01}

Ls | (+) - 0 0 T I {e,co)
AR OO

L | 0,5 fe. )

TABLE 2. Description of the D and L clones
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] | Generators | Relation | Monoid |
AR OIH10) .
Fl | (hn,aV (bA—c)) {e}
F | (aV (bA—c)) S {e}
Al OIVIOIONIE
E? [ (hy) {e}
F> [ {aV (bAc) {e}
e OO e
Fg | (hn, 1) {e,cr}
Fg° | {aV (bAc),cr) {e,e1}
F} | (maj,aV —b) {(P) () (%)}0 3] {e,ert
Ep | (hp,aV —b) {0,137\ { ( : ) } 3] {e,er}

0
FX | (aV —b) {e,c1}
AR (110} I
F' | (Hp,a A (bV —c)) {e}
F2 | (aA(bV—c)) ; ; ; i {e}
Al HOIBIOIOHIE
Fe | (H,) {e}
Fo [ (an(bVe) {e}
7 | (maj, co) {e,co}
Fr [ (H,, ) {e,co}
E | (an(bVe),co) {e;co}
g | (maj,a A —b) {(8) (%) ((1))}1 3] {e,co}
Fén <Hn7a/\_'b> {071}71\{()} [3] {e,C()}
Eg° | {(a A —b) {e,co}

TABLE 3. Description of the F' clones
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| Monoid |

s | Relation

| Generator

i/\o/ \o/\1i
ription of the S and P clones

b) b)
0
TABLE 4. Desc

= ~
— )
Q )
—~ - —~ -
) ) Q Q
—| =~ —|
— " — "
b NN b NN
[ | O O |
(\/I\O NN
N N b N N
—HO——HO—O | —| [CO—HOoOC—HO
N—"T——]~ N—"T—"
)\ )\
O OO OO |IO
N N = N N
L N N L N N
cooolooog, cooolo
NN NN
N ——— N ——
= =
Q )
g s S IS
[\ < ™ <t
0| 0 U RRAY

\ Monoid

S \ Relation

\ Generator

{e}

o/ \1/\o/ \1
ription of the R clones

0 1
TABLE 5. Desc
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Co Co
A A A A
maj maj | maj maj || maj maj | maj maj
+& 1 a Co
v F2  FPFe
oM N Ss || As F2  FPFe
Sy
C1
+3 g Ly
V
+G) Ps Rz Ps Rs
Ry
+® Cs Cy
v F2  FpEXe
IEN S5 || Ay F2  FpE
Sy
c1
+3 Ly Dy Ls
D, Ly
VY
F§ FFES F}  FJFse Ry
@ | 2 RrE R | B ORFE| Dy R
Py P

To distinguish between the clones grouped together in the table, we use the
following operations:

and dually:

aV(bAc)€e Fs°  FS° but aV (bAc) ¢ Sz, 54

aV (bA-c)e FI'F°, but aV (bA —c) ¢ F, Fs° for all n > 2
aV-be Fi,FX but aV -b¢ Fy, Fse° for all n > 2
h, € FP', but h, ¢ F'" F® for i € {1,2,3,4} and for all n > 2

aN(dVe)e FP,FP butaA(bVe)é¢ Py, Py

aN(bV-c)e FP FEe, but aA(bV —e) ¢ FE, Fg° for all n > 2
aA—be Fy F, but a A—-b¢ FP F for all n > 2
H, € F, but H, ¢ F'"™', F® for i € {5,6,7,8} and for all n > 2

TABLE 6. Inclusion - exclusion table
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